Let μ be a Borel measure on R d which may be nondoubling. The only condition that μ must satisfy is μ(Q) ≤ c 0 l(Q) n for any cube Q ⊂ R d with sides parallel to the coordinate axes and for some fixed n with 0 < n ≤ d. This paper is to establish the weighted norm inequality for commutators of Calderón-Zygmund operators with RBMO(μ) functions by an estimate for a variant of the sharp maximal function in the context of the nonhomogeneous spaces.
Introduction
Let μ be some nonnegative Borel measure on for any cube Q ⊂ R d with sides parallel to the coordinate axes, where l(Q) stands for the side length of Q and n is a fixed real number such that 0 < n ≤ d. Throughout this paper, all cubes we will consider will be those with sides parallel to the coordinate axes. For r > 0, rQ will denote the cube with the same center as Q and with l(rQ) = rl(Q). Moreover, Q(x,r) will be the cube centered at x with side length r.
The classical theory of harmonic analysis for maximal functions and singular integrals on (R d ,μ) has been developed under the assumption that the underlying measure μ satisfies the doubling property, that is, there exists a constant c > 0 such that μ(B(x,2r)) ≤ cμ(B(x,r)) for every x ∈ R d and r > 0. But recently, many classical results have been proved still valid without the doubling condition; see [1] [2] [3] [4] [5] [6] [7] [8] [9] [10] [11] [12] [13] [14] [15] [16] [17] [18] and their references.
Orobitg and Pérez [11] have studied an analogue of the classical theory of A p (μ) weights in R d without assuming that the underlying measure μ is doubling. Then, they 2 Commutator on nonhomogeneous space obtained weighted norm inequalities for the (centered) Hardy-Littlewood maximal function and corresponding weighted estimates for nonclassical Calderón-Zygmund operators. They also considered commutators of those Calderón-Zygmund operators with BMO(μ) functions. The purpose of this paper is to establish weighted estimates for commutators of those nonclassical Calderón-Zygmund operators with RBMO(μ) in this new setting.
Let us introduce some notations and definitions. Given two cubes Q ⊂ R in R d , we set 2) where N Q,R is the first integer k such that l(2 k Q) ≥ l(R). K Q,R was introduced by Tolsa in [15] .
Given a cube Q ⊂ R d , let N be the smallest integer ≥ 0 such that 2 N Q is doubling. We denote this cube by Q.
Let η > 1 be some fixed constant. We say that a function b(x) is in RBMO(μ) if there exists some constant c 1 such that for any cube Q,
where
The minimal constant c 1 is the RBMO(μ) norm of b, and it will be denoted by b * . The RBMO(μ) function space was introduced by Tolsa in [15] and shares more properties with the classical BMO function space than BMO(μ) space. We say a kernel k(x, y) :
there exists 0 < γ ≤ 1 such that
(1.5)
For r > 0, we define the truncated operators by
W. Chen and B. Zhao 3 and define the maximal operator associated with T as follows:
Sharp maximal function estimates for commutators
In [15] , Tolsa defined a sharp maximal operator M # f (x) such that
We also consider the noncentered doubling maximal operator N: 
The generalized Hölder's inequality
holds, where B is the complementary Young function associated to B. For every locally integrable function f , define its maximal operator M B,(ρ) by
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Before proving the theorem, another equivalent norm for RBMO(μ) is needed. Suppose that for a given function b ∈ L 1 loc (μ) there exist some c 2 and a collection of numbers {b Q } Q (i.e., for each cube Q, there exists b Q ∈ R) such that 
for all cubes Q and
for all cubes Q, R with Q ⊂ R. For any cube Q, we denote
). We will show that for all x, Q with x ∈ Q, 12) and for all cubes Q, R with
To obtain (2.12) for some fixed cube Q and x with x ∈ Q, we rewrite [b,T] f :
W. Chen and B. Zhao 5 where
Let us estimate the term (b − b Q )T f first. Take 1 < r < ε/δ. By Hölder's inequality, we have [9] ) and 0 < δ < 1, Kolmogorov's inequality and generalized Hölder's inequality yield
while John-Nirenberg inequality implies that
So there exists a positive constant C such that for all cubes Q,
In order to prove (2.12), we only need to estimate
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According to Jensen's inequality, we obtain
(2.23)
. By (2.15), (2.16), and (2.23) we obtain (2.12).
For {h Q } Q , we want to prove (2.13). Consider two cubes Q ⊂ R and x ∈ Q. We denote N = N Q,R + 1. We write h Q − h R in the following way:
(2.24)
Let us estimate M 1 . For y ∈ Q we have
(2.25)
For the term M 4 , we execute the process as in (2.21). For any y,z ∈ R d , we get
(2.28)
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The term M 5 can be estimated as M 1 . We can obtain
Finally we have to deal with M 3 . For y ∈ Q, we have (9/8) 
Taking the mean over Q, we get Also, for any cube Q x, K Q, Q ≤ C, and then by (2.12) and (2.13) we get Now we are in the position to give the definition of weights we will consider. Here we will consider the A p (μ) weights introduced by Orobitg and Pérez in [11] . So we need the assumption that μ(∂Q) = 0 for any cube Q with sides parallel to the coordinates axes. 
